Abstract. The structure of a signed fundamental solution of a conservation law is studied without the convexity assumption. The types of shocks and rarefaction waves are classified together with their interactions. A comprehensive picture of a global dynamics of a nonconvex flux is discussed in terms of characteristic maps and dynamical convex-concave envelopes.
where the flux f is nonconvex and satisfies two hypotheses:
f has a finite number of inflection points,
We assume a smooth flux f ∈ C 1 and, without loss of generality,
3)
The signed fundamental solution with mass m > 0, denoted by ρ m or simply by ρ, is the nonnegative entropy solution of (1.1) that satisfies This signed fundamental solution has been constructed in [12] using dynamical convex-concave envelopes. The purpose of this paper is to clarify the components of this fundamental solution and combine them to obtain the global dynamics of a nonconvex conservation law. The fundamental solution plays the key role in the Cauchy problem. The convolution of the fundamental solution and the initial value is the solution for an autonomous linear problem. Even for a nonlinear problem the fundamental solution plays the key role. The Oleinik one-sided inequality for convex flux is written by
and the fundamental solution satisfies the equality, f ′ (ρ m ) x = 1/t. In other words, this inequality, which gives the uniqueness and the sharp regularity to the conservation law, is basically a comparison to the fundamental solution. There have been several attempts to extend the inequality to nonconvex cases (see [11, 13, 14, 20] ). It is clear that the key of such an extension is in a better understanding of the fundamental solution. One may find an extension of such one-sided inequalities from the first author's recent work [17] . The asymptotic analysis is sometimes a study of a process how a solution turns into the shape of a fundamental solution eventually (see, e.g., [4, 10, 15, 16] ). This indicates that the fundamental solution reflects the intrinsic properties of PDEs. The nonlinear scalar conservation law provides the shock wave theory in a simplest form. The behavior of a genuinely nonlinear flux or, equivalently, a convex flux is well understood (see [8, 18, 19, 23] ). In particular, the Lax-Hopf transformation [19] may make the solution even explicit. The main reason for this simplicity is that the information is destroyed along a shock, but never produced. A conservation law with a nonconvex flux has a quite different property that generates new information. Examples of nonconvex flux are from Buckley-Leverett, thin film and many others (see [2, 3, 26] ). The existence and the uniqueness of a bounded solution and the convergence of zero viscosity limit hold true for both convex and nonconvex cases (see [1, 5, 18, 24] ). The BV-boundedness holds for a uniformly convex case, but not for a general nonconvex case (see [6, 7, 9, 21, 25] for more regularity properties). The biggest difference is the complexity of the dynamics. Even though the structure of a solution has been studied for a case with a single inflection point (see [1, 9] ), a nonconvex case is not well understood.
In this paper we investigate the structure of the signed fundamental solution of a nonconvex conservation law with a flux that satisfies (1.2) . In Section 2 a structural lemma, Lemma 2, is introduced, which gives basic relations between convex-concave envelopes and the structure of fundamental solution. This lemma is a summery of such relations in [12] . In Section 3, the types of shocks are classified. There are four kinds of shocks, which are genuine shock, left contact, right contact and double contact. Each of these four kinds of shocks can be an increasing or decreasing one. Hence there are eight possibilities. For the convex flux case, there exists only one, which is a decreasing genuine shock. The dynamics of these shocks are introduced in Section 4. Branching is a phenomenon that a single shock is divided into two smaller shocks and merging is a one that two shocks are combined into a single shock of a smaller size. If the flux changes its sign as in (4.1), the genuine shock can become a left or right contact. We call this phenomenon a transforming. In Section 5, the types of rarefaction waves are discussed. For a convex flux case, a fundamental solution may have only a centered wave fan centered at the origin (x, t) = (0, 0). However, for a nonconvex flux case, the centered rarefaction wave fan can be placed at any place. Furthermore, there exists another kind of rarefaction wave which is called a contact rarefaction.
Finally, a complete scenario of an evolution of a fundamental solution is given in Section 6. The flux and convex-concave envelopes of each stage are given in Figure 6 . The whole evolution consists of eight stages which are divided by a merging, branching or transforming. The whole characteristic map is given in Figure 7 . This characteristic map should be understood as an illustration. This dynamics of the fundamental solution can be observed by numerical computations. In fact one may find a numerical simulation result in Figure 8 . In this computation the flux in Figure 6 has been used.
Structural lemma for fundamental solutions
Define the speed of a shock that connects u 1 and u 2 by
Suppose that an entropy solution u(x, t) has a discontinuity along a curve x = s(t). The discontinuity curve of an entropy solution or the discontinuity itself is called a shock or shock curve. Then, the curve satisfies the Rankine-Hugoniot jump condition, 
Theorem 1 (Uniqueness of a signed fundamental solution).
Suppose that the flux f ∈ C 1 (R) satisfies (1.2). Then, there exists a unique fundamental solution ρ m (x, t) that satisfies (1.1) and (1.4).
Proof. It is enough to show the uniqueness of a nonnegative solution for m > 0. The assumption (1.2) and (1.3) imply that there exists b > 0 such that f (u) ≥ −bu for all u ≥ 0. Let ϕ(u) = f (u) + bu. Then ϕ(0) = 0 and ϕ(u) ≥ 0 for all u ≥ 0. Therefore, there exists a unique nonnegative solution to
(see [22, Theorem 1.1] ). Let u be the nonnegative solution and v be its translation given by v(x, t) = u(x − bt, t) ≥ 0. Then,
One can easily check that v also satisfies the entropy and the RankineHugoniot jump conditions if u does. Therefore, v is an entropy solution to (1.1). Letṽ be another nonnegative solution andũ be given similarly byṽ(x, t) =ũ(x − bt, t). Then, since a nonnegative solution to (2.3) is unique, u(x, t) =ũ(x, t) and hence v(x, t) =ṽ(x, t).
⊓ ⊔
Now we show a scaling argument using this uniqueness theorem.
Lemma 1. Let ρ m be the unique fundamental solution of mass m > 0. Then,
Proof. Let u(x, t) = ρ m (mx, mt) with m > 0. Then,
Hence, u(x, t) is a solution. Furthermore, since
for any test function φ(x), u(x, t) is the fundamental solution with mass m = 1, i.e., u = ρ 1 . Therefore, the uniqueness of a signed solution gives the relation (2.4).
This lemma indicates that it is enough to study the structure of ρ 1 (x, t) only. We will denote the fundamental solution by ρ(x, t) when we don't need to specify the size of mass m > 0.
In the construction of a signed fundamental solution, the maximum valueρ and the maximum point ζ(t), i.e., ρ(t) := sup x ρ(x, t), max{ρ(ζ(t)−, t), ρ(ζ(t)+, t)} =ρ(t), are used as parameters and then decided implicitly. The convex and concave envelopes are respectively defined by h(u;ρ) := sup
where
One can easily check that, for any fixedρ > 0, h(u;ρ) and k(u;ρ) are convex and concave functions on the interval (0,ρ), respectively. Since we consider a flux with a finite number of inflection points, the domain (0,ρ) can be divided into a finite number of subintervals so that envelopes are identical to the flux or a line on each subinterval. Finally, the fundamental solution is given by the inverse relation of h (ρ(x, t), t) = x for x < ζ(t), k(ρ(x, t), t) = x for x > ζ(t), (2.8) whereh andk satisfy
(see [12, Section 4] for details). The structure of the fundamental solution is analyzed in the rest of the paper using the dynamics and the relations of the envelopes. The following lemma is a summary of the basic relations and dynamics. We will use this structural lemma in analyzing the components and dynamics of fundamental solutions.
Lemma 2 (structural lemma for fundamental solutions). Let 0 = a 0 < a 1 < · · · < a i 0 =ρ(t) be the minimal partition of [0,ρ(t)] such that the convex envelope h(u;ρ(t)) is either linear or identical to
be the minimal partition related to the concave envelope k(u;ρ(t)). Let ζ 0 (t) is the maximum point in the sense that
The linear parts of the envelopes are tangent to the flux, i.e.,
(ii) The maximumρ(t) is strictly decreasing as t → ∞.
Lemma 2 gives the dynamics of the fundamental solution in terms of convex-concave envelopes. First, the number of discontinuities and their left and right hand limits are given by the convex-concave envelopes if the maximumρ(t) at a specific time t > 0 is known. However, we do not know the location of a discontinuity. The discontinuities are connected by rarefaction waves. However, if the flux is not convex, the structure of rarefaction waves are quite complicated and are not functions of x/t anymore (see Section 5).
In Figure 1 them jumps from 0 to a 1 and the other from a 2 to a 3 . These discontinuities satisfy the entropy condition. Similarly the concave envelope and the corresponding minimal partition b j 's provide the decreasing shocks.
As the maximumρ(t) decreases, the corresponding envelopes evolve continuously. However, if the end point (ρ(t), f (ρ(t))) reaches to a tangent point, then the envelopes change discontinuously and an example is given in Figure 1 (b). The envelopes in dashed lines are the case whenρ(t−) = b 1 . This implies that the maximum valueρ(t−) is connected to the value a 3 by an increasing shock and also connected to 0 by a decreasing shock. In other words the solution has an isolated singularity. The case a 3 <ρ < b 1 is not admissible by the same reason. Thereforeρ jumps from b 1 to a 3 and the envelopes jump from the dashed ones to the solid ones in the figure. In particular the minimal partition for the concave envelope has new members and should be re-indexed as in the figure.
Classification of shocks
The dynamics of shocks is the key in understanding the structure of a fundamental solution of a conservation law. In this section we classify the types of shocks. Let x = s(t) be a shock curve of ρ(x, t) and u ± 0 = lim ε↓0 u(s(t 0 ) ± ε, t 0 ) be one-sided limits. Let x = ξ + (t) be the maximal characteristic curve and x = ξ − (t) be the minimal one, where both of them emanate from the given point (s(t 0 ), t 0 ). Then, the backward or the forward characteristic curves satisfy
where the derivatives of characteristic curve are understood as one sided ones depending on its domain. We are interested in the char-acteristic curve that satisfies (3.1) since they are the ones that carry the information.
One may obtain the following well known relations from the Oleinik entropy condition,
In the followings we classify the shocks into four types.
Genuine shocks
If both inequalities in (3.2) are strict, i.e.,
then the shock curve x = s(t) is called a genuine shock and denoted by the letter 'G' in figures. If a faster characteristic line x = ξ − (t) collides to the slower shock curve x = s(t) from the left, it should come from the past (or as t → t 0 −). Similarly, if the slower characteristic line x = ξ + (t) collides to the shock curve from the right, then it should also come from the past. Therefore, for a genuine shock case, characteristics satisfying (3.1) are backward ones and
for some ε > 0. If one may take the domain as 0 < t < t 0 , then the characteristic curve is called global, which is always the case with a convex flux. However, if the flux is nonconvex, the characteristic curves are not necessarily global.
Property 1.
A signed fundamental solution has at most one genuine shock, and it has one if and only if the convex or the concave envelope is a non-horizontal line. Furthermore, the genuine shock always connects the maximum and the zero.
Proof. Suppose that a shock connects a value of an intermediate partition point, say a i with 0 = i = i 0 . Since the shock speed s ′ (t) is given by the relation in (2.1), Lemma 2(i) gives that
Therefore, at least one of the inequalities in (3.2) is an equality and hence the shock is not a genuine one. If a genuine shock connects the zero and the maximum, the corresponding envelope should be a line. Furthermore, since both envelopes can not be lines at the same time, a fundamental solution has at most one genuine shock at any given time.
⊓ ⊔
If the convex or concave envelope is a horizontal line, then due to the normalization (1.3), one of the inequalities in (3.2) is an equality. This is a transition stage of a genuine shock into a contact discontinuity which will be discussed in Section 4. Now suppose that a concave envelope is a non-horizontal line. Of course, the discontinuity connects the zero value and the maximum. We may easily see that if the line is not tangent to the graph of the flux, then it gives a genuine shock. Suppose that the line is tangent to the flux at the maximum as in Figure 1(b) . Then the flux is locally concave near the maximum value u =ρ(t) and hence the convex envelope is also linear at the point (ρ(t), f (ρ(t))). This implies that the maximum is an isolated singularity which is not admissible. Therefore, such envelopes do not exist. The same arguments are applied to the convex envelope.
If the flux is convex, its concave envelope is simply a non-horizontal line and gives a decreasing genuine shock all the time. Furthermore, there are no other types of shocks for the convex flux. Figure 2(a) is an illustration of a genuine shock. 
Contact shocks
A shock is called a contact if it is not a genuine shock. If both inequalities in (3.2) are equalities, i.e.,
then the shock is called a double sided contact or simply double contact and denoted by 'D' in figures. One can easily find such a discontinuity from convex-concave envelopes. Let a i , i = 0, · · · , i 0 , be the minimal partition in Lemma 2 related to the convex envelope h. One can easily see that if h is linear in an interior subinterval (a i , a i+1 ) (i.e., a i = 0 and a i+1 =ρ(t)), then Lemma 2(i) implies that (3.5)
is satisfied. In this case the shock is placed between two rarefaction waves. Since the shock speed is constant until the tangent point a i+1 stays in the partition, the double sided contact is a line parallel to adjacent characteristic lines (see Figure 2(b) ). One may similarly consider double sided contacts related to the concave envelope which is omitted.
If one of the inequalities in (3.2) is an equality and the other one is a strict inequality, then we call it a single sided contact. If Figures 2(c)) . Proof. A single sided contact should connect the maximumρ(t) or the zero value to an interior partition value. If a discontinuity connects two interior partition points, then it is a double sided contact as discussed before. Since the maximum can not be connected by two shocks (see the comments following Figure 1(b) ), the total number of contact shocks is at most three. ⊓ ⊔ Property 3. Double sided contacts are lines. Single sided contacts connected to zero are lines. There exist exactly one shock connected to the maximumρ(t), which is the only one that moves with a nonconstant speed.
Proof. We have already observed that the double sided contacts are lines. Single sided contacts connected to the zero value are also lines by the same reason that the linear part of the corresponding envelope is not changed as long as the contact is a single sided one. For example, consider a right contact case. Then, since 0 is the minimum, the contact is an increasing shock and hence the convex envelope is considered. Since the shock speed s ′ (t) is given by the relation in (2.1), Lemma 2(i) gives that
where a 1 is the first interior partition point, which is constant as long as the right contact remains as it is. Hence, the right contact is a line. The left contact case is similar (see Figure 2(c) ). Now consider a left contact that connects the maximumρ(t). Then, it is an increasing shock that connects the maximum to the last interior partition point a i 0 −1 . Hence the shock speed is
Since the maximum of the fundamental solutionρ(t) strictly decreasing, the slope of the convex envelope at the maximum point is strictly increasing. Hence the left contact is not a line, but is curved to right since the propagation speed is increasing. One can show the similar behavior for the right contacts and the difference is that the right contact is curved to left (see Figure 2(d) ). The genuine shock is similar as the contacts that connects to the maximum valueρ(t).
⊓ ⊔
According to the previous properties, there exists only one shock that connects the maximumρ(t). This shock is a genuine shock or a single sided contact that moves along a curve. All the other shocks propagate with a constant speed. Hence, all the dynamics of shock waves are produced along the shock that connects the maximumρ(t) which is the only curved one of the signed fundamental solution. Figure 1(a) that connects the maximum and an interior partition value b 4 . First, note that the right hand side limit of the shock is b 4 since the concave envelope gives a decreasing shock. The speed of the characteristic line carrying this value is f ′ (b 4 ) which is identical to the shock speed and hence the corresponding discontinuity is always a right contact. One can easily see that the slope of the linear part decreases asρ(t) decreases (i.e., as t increases). Therefore the shock curve makes a turn to the left hand side as t increases like in Figure  2(d) . Furthermore, the interior tangent value b 4 increases, which indicates that the range covered by rarefaction wave is increasing. In other words new information is produced and propagates to the future. Therefore, the characteristic line x = ξ + (t) touching the shock from the right hand side has a domain t ∈ (t 0 , t 0 + ε) for some ε > 0. In Figure 2 (d) this kind of right contact has been illustrated. Even if the previous discussions are in terms of the concave envelope, one may repeat them for the convex envelope and obtain the dual statements.
Example 1. Consider the linear part of the concave envelope in

Dynamics of shocks
The convex-concave envelopes have one end at the origin and the other end at the maximum point (ρ(t), f (ρ(t))) withρ(t) = sup x ρ(x, t). Since the maximumρ(t) decreases in time t, the envelopes and the corresponding minimal partitions changes. In the followings we consider the dynamics of shock curves by tracking these changes.
Branching
A shock curve may split into two smaller shocks divided by a rarefaction wave and we call this phenomenon a branching. Consider a shock curve that connects the maximum valueρ(t). Then it should be the genuine shock or a single sided contact. If the corresponding linear part of the envelope touches a hump of the graph of the flux f (u) on its way (see Figures 6(b) and 6(c) ), it will split into two linear parts with a convex or a concave part in between. Since both of these two linear parts belong to the convex envelope or concave envelope, both shocks are increasing ones or decreasing ones. In other words an increasing shock splits into two smaller increasing shocks and a decreasing one into two smaller decreasing ones.
One can easily see that, at the moment the branching process starts, the linear parts of the envelope corresponding to the incoming and outgoing shocks are all the same line. Hence, the slopes of shock curves at the branching point in the xt-plane are identical and hence they form smooth curves of branching as in Figure 3 .
Since the incoming shock is connected to the maximumρ(t), one of the outgoing shocks connects the maximum, which should be a single sided contact. If the incoming shock is a single sided contact, then the other outgoing shock is a double sided contact as in Figure 3(a) . Therefore, we may conclude that if the incoming shock is of single sided, it splits into one single sided and one double sided contacts. Similarly, if the incoming shock is a genuine shock, then it splits into two single sided contacts (see Figure 3(b) ). Note that type D doesn't split. 
Merging
Two shocks can be combined and then form a single shock. We call this phenomenon a merging. In the process these two shocks have different monotonicity. One may see this phenomenon from the change of envelopes. As the maximum valueρ(t) decreases, two linear parts of convex and concave envelopes may meet at a point, say (ρ(t 0 ), f (ρ(t 0 ))) (see Figures 1(b) or 6(d) ). However, in this case it gives a removable jump (see [12, Lemma 3(iii) ]) and hence the maximum of the fundamental solution has a decreasing jump fromρ(t 0 +) toρ(t 0 −). In this caseρ(t 0 −) is the largest interior partition point (e.g., the point a 3 in Figure 1(b) ). One can easily see that the slope of the linear parts of envelopes related these two incoming shocks and one outgoing shock are all distinct and hence the shock curves are not smooth in general. The phenomenon related to this sudden change of envelopes will be discussed later for the aspect of a rarefaction wave. In Figure 4 (a) two left contacts merge into a genuine shock. If a right contact is merged with a double sided contact, then a left contact is produced as in Figure 4 (b). Note that merging is not an opposite process of branching. In a merging process, two shocks of different monotonicity produces a single smaller shock. Remember that, in a branching process, two shocks of the same monotonicity are produced. Another difference is that the shock curves are not smooth after a merging process.
Property 5. There are four situations of merging classified by the incoming and outgoing shocks. They are: (i) R+R→G, (ii) L+L→G, (iii) R+D→L, and (iv) L+D→R.
Merging + Branching
Merging and branching are basic phenomena in the dynamics of discontinuities. These two phenomena may appear at the same time. Since the envelopes may change discontinuously after a merging process, a branching may follow immediately after it. Consider the example in Figure 1(b) , where two incoming shocks meet at a point. Then, the merging process in the figure produces one left contact and one right contact, where the corresponding figure is in Figure 4(c) . Notice that the outgoing shocks are of the same monotonicity. In this example they are given by the concave envelope and hence they are decreasing ones. It is also possible that there are more than two out going shocks. For example, if there are many wiggles in the inside hump of Figure 1(b) , then there can be many outgoing shocks with same monotonicity with each other. However, those cases all extra smaller contacts are double sided contacts. From Properties 4 and 5, we obtain the following property.
Property 6. There are four possible situations of 'branching after merging' classified by the incoming and outgoing shocks. They are: (i) R+R→R+L, (ii) L+L→R+L, (iii) R+D→L+D, (iv) L+D→R+D.
Transforming
A shock may change its type without branching or merging and we call this phenomenon a transforming. This phenomenon may appear only if
The only possible case is that a genuine shock is transformed to a single sided contact. It always happens when a genuine shock changes its direction from the negative one to the positive one or in the other way. For example consider a genuine shock that moves at a negative speed as in Figure 5 (a). If it stops and then moves to the positive direction, then it is not a genuine shock any more. It becomes a left contact as one can see from the figure. Similarly, if a genuine shock changes its direction from the positive one to the negative one, then it becomes a right contact.
In Figure 4 (a) two single sided contacts are merged into a genuine shock. If transforming appears simultaneously, then one may see the phenomenon that two contacts of single sided are merged into a single contact of single sided (see Figure 5(b) ). Notice that the phenomenon in Figure 5 (b) can be considered as a special case of merging process. However, instead of placing it in the section for merging, we have it in this transforming section since it is based on the transforming process. Furthermore, the transforming phenomena can be found under the extra hypothesis (4.1). In fact, if the flux is nonnegative, then the speed of the genuine shock is positive and hence transforming phenomenon does not appear. This phenomenon can be found in the transition from Figure 6 (f) to 6(g). Property 7. There are four possibilities under (4.1) related to transforming. They are: (i) G→R, (ii) G→L, (iii) R+R→L, (iv) L+L→R.
Structure of rarefaction waves
There is no contact shock for a convex flux case and hence all the characteristics of a fundamental solution carrying the information of a non-zero value are emanated from the origin. Therefore, if a fundamental solution ρ has a rarefaction profile at a point (x, t), the speed of the characteristic line that passes through the point is x/t and hence it should be satisfied that f ′ (ρ(x, t)) = x/t. Furthermore, since f ′ is invertible if the flux is strictly convex, the rarefaction wave should be given by the following relation
where [a(t), b(t)] is the support of the fundamental solution ρ(·, t). However, if the flux is not convex, then there may exist contact shocks and hence there are various possibilities for the starting point of the characteristic line. Furthermore, since f ′ is not invertible in the whole domain, one should clarify the correct profile that gives the rarefaction wave. In the followings we classify the rarefaction waves.
Centered rarefaction wave fans
There are two kinds of centered rarefaction waves. The first one is the one produced from the initial profile of the Dirac-measure and hence centered at the origin. Let h(u; ∞) be the convex envelope of the flux and 0 = a 0 < a 1 < · · · < a i 0 < ∞ be the minimal partition. Then the rarefaction wave is given as 2) where the similarity profile g ∞ (x) is a piecewise continuous function that satisfies h ′ (g ∞ (x); ∞) = x. Notice that the function g ∞ (x) may have a discontinuity and hence ρ(x, t) given by (5.2) may have a discontinuity which is actually contact. Therefore, the rarefaction wave in (5.2) should be understood as a sequence of rarefaction waves divided by contacts. In Figure 7 an example of initial centered rarefaction wave can be found for t > 0 small. In the figure one may find the wave fan bounded by a genuine shock and a right contact. One may also find the inside profile is divided by a double sided contact. A centered rarefaction wave may also appear after a merging process. If a shock collides to another one, then the envelopes change discontinuously and a centered rarefaction wave may emerge. For example consider the merging process in Figure 1 (b) and let (x 0 , t 0 ) be the merging point. Then the concave envelope jumps from the dashed one to the solid ones and a rarefaction part in the interval (b 2 , b 3 ) is added to the concave envelope, Figure 1(b) , which generates a centered rarefaction wave given as
where g 1 is the inverse function of the flux on the domain (b 2 , b 3 ) and the wave is bounded by a contact line of single sided and a characteristic line, which are given by
The wave fan which is between two outgoing contacts of single sided in Figure 4 (c) and emanates from the branching point is a corresponding case.
One may also observe a centered rarefaction wave bounded by two characteristic lines. Consider the change of envelopes in Figure 6 2 ) is added to the convex envelope, which generates a centered rarefaction wave given by
where g 2 is the inverse function of the derivative of the convex envelope of the flux on the domain (a − 2 , a + 2 ) and the wave fan is bounded by two characteristic lines, which are given by
Remark 1. The solution is continuous along the characteristic ξ 1 , but not differentiable. This kind of regularity has been mentioned in Dafermos [9] . The rarefaction wave fan is bounded by a characteristic line at least one side. However, it is possible that there exist several contacts of type D inside of the fan.
Property 8. If a portion of the graph of the flux is added to the envelopes after a merging phenomenon, a centered rarefaction wave fan appears.
Contact rarefaction
A centered rarefaction wave fan of a fundamental solution is produced instantly at the moment of the initial time or a merging phenomenon.
On the other hand, a contact rarefaction wave is produced continuously along a single sided contact shock connected with the maximum valueρ(t). A typical example can be found in Figures 6(a) and 6(b). The concave envelope in Figures 6(a) shows that it is about the moment that the genuine shock splits into two contacts. The concave envelope at a later time is given in Figure 6 (b), which shows that the rarefaction region (b 1 , b 2 ) is expanding. This indicates that new information is being produced and propagates to the future. On the other hand the rarefaction region (a 3 ,ρ(t)) from the convex envelope is shrinking. In other words the information from the past is destroyed if it meets this shock. In summary a contact rarefaction wave is produced by the contact shock of single sided which connects the maximum from one side. For example, the right contact R in Figure 6 (b) connecting b 2 and ρ(t) is the corresponding one. This single sided contact erases the information of the past from one side and produces new information from the other side.
An example for a global picture
This final section is designed to provide a complete characteristic map that shows all the dynamics of shocks and rarefaction waves discussed before. We take a flux in Figure 6 which is complicated enough for this purpose and satisfies (4.1). Since the change of an envelope is linked to each stage of a solution, all the dynamics of a solution can be interpreted in terms of envelopes. First eight figures in Figure 6 show the dynamics of the envelopes corresponding to the possible eight stages of the fundamental solution. As an example to show this connection we put an illustration of a signed fundamental solution in Figure 6 (i), which belongs to the second stage, Figure 6(b) . More examples of fundamental solution can be found in [12, , which are actually obtained by computing the equation numerically. A complete characteristic map corresponding to this flux is given in Figure 7 with stage numbers on the left. In the rest of this section we investigate the relation between the flux and its characteristic map. Due to the second hypothesis in (1.2), one can find a moment t 0 such that for all nonnegative t < t 0 the concave envelope consists of a single non-horizontal line. In the case there exists a decreasing genuine shock as denoted in Figure 6 (a). In addition, there are two increasing shocks from the very beginning, a right and a double contacts. These contacts are connected by a wave fan centered at the origin. These right and double sided contacts move with constant speeds until Figure 6(d) arrives.
The slope of the concave line corresponding to the genuine shock decreases as time t increases and hence the genuine shock curve is not a line as in Figure 7 . We can observe two branching phenomena while the concave envelope moves toward 6(d), which are G→L+R in 6(b) and R→D+R in 6(c). Note that at every branching point all the curves and the line have the same slope as shown in Figure 7 .
After that, we may observe three merging phenomena, D+R→L in 6(d), L+D→R 6(e), and R+R→G in 6(f). Notice that none of two contacts have the same slope after a merging phenomenon. In addition, centered wave fans appear after the first two merging phenomena. However, if a genuine shock is produced, any kind of rarefaction waves is not produced. This genuine shock moves to left slower and slower, and eventually stops. Then, the genuine shock turns into a left contact which moves to the right, see Figures 6(g) and 7. Note that it is possible that, after the third merging, Figure 6 (f), a left contact may appear instead of the genuine shock and directly go to the stage 6(g), which is the case discussed for Figure 5(b) . Finally, this left contact meets the other left contact after a long time and generates a genuine shock as in Figure 6 (h). The picture in the magnified circle shows the final merging process. From this moment this genuine shock is a unique discontinuity and persists forever.
Note that Figure 7 is for an illustration purpose and made under some exaggerations to keep the whole dynamics in a single figure. It seems interesting to compare this illustration with one obtained from an actual numerical solution. In fact, we have computed a fundamental solution numerically and then displayed its dynamics in Figure 8 . In the figure we have displayed up to the beginning of Figure 6 (g).
The wave speed f ′ (u) is displayed in Figure 8 , where u is a numerically computed fundamental solution. One may observe the shock curves and easily distinguish if it is a left contact or a right contact. This shock curves match with Figure 7 pretty well except the ones near the initial time. For t > 0 small the evolution of the solution is fast and one may observe numerically if the corresponding part is magnified which is omitted here. In this figure the appearance of the centered rarefaction waves and propagation of discontinuities discussed before are more clearly observed. To produce these figures we used the WENO method. These figures indicate that the theoretical explanation and the numerical simulation give a perfect match. [The horizontal axis is for space x and the vertical axis is for time t.] The wave speed f ′ (u) has been displayed in this figure. This figure clearly shows the interaction of shock waves and emerging centered rarefaction waves at the place where two shock waves are merged.
